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Abstract 

We generalize tlie framework in larXiv: 1104.5502] to the case that an embedding may have a non- 
vanishing intrinsic curvature. Directly employing the Brown- York stress tensor as the fundamental 



cr. 

u . 



^f) . variables, we study the effect of finite perturbations of the extrinsic curvature while keeping the 

>, 

■^ , intrinsic metric fixed. We show that imposing a Petrov type I condition on the hypersurface 

'^ ' geometry may reduce to the incompressible Navier-Stokes equation for a fluid moving in spatially 

t"~~. ■ curved spacetime in the near-horizon limit. 
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I. INTRODUCTION 



It has been more than three decades since Damour first 
black hole horizon behave very much like those of a fluid 



y found that the excitations of a 
, |2| . Later the analogy of gravity 



and then in the context of 



dynamics with hydrodynamics has been further disclosed in 

AdS/CFT correspondence |^-l9|. In particular it is shown in [lO| that in a suitably defined 
near horizon limit, the dynamics of gravity on an arbitrary cutoff surface can be governed 
by the incompressible Navier-Stokes equation if one identifies the Brown- York tensor of 



the bulk gravity with the stress-energy tensor o 
relevant work can be found, for instance, in 11 



a fluid moving on the surface (and other 



ISJ). More specifically, in this approach 



one embeds a p + 1-dimensional timelike hypersurface into a p + 2-dimensional spacetime, 
with a small distance from the horizon. Then imposing a Dirichlet-like boundary condition 
on the hypersurface while demanding regularity on the future horizon and no incoming flux 
across the past horizon, one can solve the bulk Einstein equations explicitly under the non- 
relativistical limit with a long-wavelength expansion, and the incompressible Navier-Stokes 
equation can be obtained as a constraint on the h ype rsurface. 

Very recently it has been remarkably noted in [16| that imposing a Petrov type I condi- 
tion on the hypersurface geometry exactly reduces the degrees of freedom in the extrinsic 
curvature to those of a fluid such that the leading-order Einstein constraint leads to the 
Navier-Stokes equation provided that the mean curvature of the embedding is large enough. 
This observation strongly implies that regularity on the future horizon and the Petrov type 
I condition are equivalent at least in the near horizon limit. However, mathematically im- 
posing the Petrov condition is much simpler and elegant than imposing regularity. It is very 
worthy to further understand its role in exploring the deep relations between the Einstein 
equations and Navier-Stokes equations. 

Since in 16| only an intrinsically flat p + 1-dimensional embedding is taken into account, 
in this paper we intend to generalize this framework to the case that the embedded hyper- 
surface has a non-vanishing intrinsic curvature. Through explicit construction we will show 
that for a spatially curved embedding, it is still possible to obtain an incompressible Navier- 
Stokes equation for a fluid moving in this background. We organize the paper as follows. In 
next section we present the generalized framework in which the embedded hypersurface is 
intrinsically curved. In section three and four we explicitly construct two models in which 



the background metric is spatially curved, and then study the fluctuations of the extrinsic 
curvature on the hypersurface. Imposing the Petrov type I condition as well as the Hamil- 
tonian constraint, we obtain the Navier-Stokes equations with incompressible condition in 
the near horizon limit with a large mean curvature. Moreover, in contrast to the scheme 
used in 16| where a new traceless tress tensor is introduced, we insist to expand the effect 



of fluctuations directly in terms of the Brown- York stress tensor. To demonstrate that our 



scheme derives the same results at least at the leading orders of the expansion as in 
present two simple examples which has a Minkowski limit in the appendix. 



lel, 



we 



II. THE FRAMEWORK FOR AN INTRINSICALLY CURVED EMBEDDING 

Given a p + 2-dimensional spacetime with a bulk metric g^^ which satisfies the vacuum 
Einstein's equations 

G^^ = 0, fi,iy = 0,...,p + l. (1) 

We consider an embedding Sc whose p + 1-dimensional spacetime with an induced metric 
'Jab may be intrinsically curved. Suppose that the extrinsic curvature of the hypersurface is 
Kab, then the p + 1 "momentum constraints" on Sc reads as 

V''{Kab-7abK) = 0, a,b = 0,...,p (2) 

where Va is compatible with the induced metric on Sc, namely Vajbc = 0. While the 
"Hamiltonian constraint" is 

P+^R + KabK""^ -K^ = 0. (3) 

When the bulk metric satisfies the vacuum Einstein equation, the Riemann curvature tensor 
and the Weyl tensor are equal, thus we can decompose the Weyl tensor in p + 2 dimensions 
in terms of the intrinsic curvature of the p + 1 hypersurface and its extrinsic curvature. It 
turns out that the result is 

Cabcd = ^ Rabcd + KadKbc — KacKbd 

Cabc{n) = ^aKbc — VbKac 

Ca(n)b{n) = — ^'^ Rab + KKab — KacK^b, (4) 



where Cabc{n) = Cabcfin^ and n^ is the unit normal to Sc. The Petrov type I condition is 
defined as 

CiiW)j = tm^'^rmfC^.^p = 0, (5) 

where p + 2 Newman-Penrose-hke vector fields should satisfy the relations 

f = k'^ = 0, (k, i) = 1, {k, rui) = {£, TTii) = 0, {m\ nij) = 6'j. (6) 

III. THE PETROV TYPE I CONDITIONS FOR SPATIALLY CURVED EMBED- 
DING 

In this section we consider a p + 2 dimensional space time with a metric as 

ds^p+2 = -rdt^ + 2dtdr + hij{x^)dx^dx^ , (7) 

where hij{x'^) is a general spatial metric but independent of the coordinates t and r. 

We consider an embedding Sc by setting r = Tc such that the induced metric •-yah on Sc is 

ds^p+i = -Tcdt^ + hij{x')dx'dx^ = -{dx^Y + hij{x')dx'dx^ . (8) 

We also require that the induced metric on Sc is fixed and then only consider the effects of the 
fluctuations of the extrinsic curvature. Now it is straightforward to obtain the components 
of Kab as 

Ktt = ^2^' ^*' ^ '^' 

K., = 0, ^ = ^' (^) 

where K is the trace of the extrinsic curvature. Equivalently we may deflne the Brown- York 
stress tensor on Sc as 

tab = K^ab - Kab- (10) 

Next we introduce a parameter A by rescaling the time coordinate with r = Xx^ in order to 
discuss the dynamical behavior of the geometry in the non-relativistical limit, i.e. 

ds'^p+i = -^dr^ + hij{x')dx'-dx^. (11) 

A 

Moreover, we identify the parameter A with the location of the hypersurface by setting 
Tc = A^ such that the limit A — )■ means a large mean curvature and can be thought of as 



a kind of near- horizon limit. In this coordinate system we obtain the relations between the 
Brown- York stress tensor and the extrinsic curvature as follows 

P 

K\ = -f. + 6\-, K = -. (12) 

p p 

It is easy to show that except F^ , all the other components of the connection with the 
induced metric (fTTI) on Sc vanish. 

Furthermore, the requirement that the background ((71) should satisfy the Einstein vacuum 
equations in p + 2-dimensional spacetime leads to 

P+^i? = ''R = 0, P+'Rij = PRij = 0. (13) 



Next in contrast to defining a new traceless stress tensor as in [16|, we insist to take the 
Brown- York stress tensor as the fundamental variables and consider its fluctuations over the 
background (To demonstrate that our scheme derives the same results at the leading order of 
perturbations as in [16|, we present two examples in the appendix where the p+1-dimensional 
hypersurface has a Minkowski limit). We expand the components of Brown- York tensor in 
powers of A 

t\ = + Ar/^) + . . . 
t\ = + xt\(-^) + . . . 

f, = -^5^, + Af /'^ + . . . 

By definition in our formalism the relation t = pK holds for arbitrary order of the expansion 

and t^"-* = f^T-^""' +fi. Substituting it into the "Hamiltonian constraint" in Eq.Q we find 

{t\)'-^it\Y + f,t^,-- = 0. (15) 

Note that all the indices here are lowered or raised with --fab or 7"^. The leading order of the 
constraint is A~^, which is automatically satisfied by the background, while the sub- leading 
order of the expansion gives rise to 

t\w = -2{t\^^^){r/'^)Y^. (16) 



Next we turn to the Petrov type I condition. Firstly we choose the vector fields as 

72^ = 5o - n, V2k = -do - n. (17) 

Then the condition becomes 

2C = CoJOj + C'oijCn) + CqjKji) + Ci(^n)j{n) = 0. (18) 

With the use of Eq.(jl]), the Petrov type I condition can be rewritten in terms of the Brown- 
York tensors as follows 

2 . 2 . 

S'A-i- - t\) + 2Aa.-] + ^f^'T^k.f'm = 0. (19) 

p p p X 

First of all, after expanding in powers of A, we find the background satisfies this condition 
automatically at the order of p- : 

The next non- vanishing order is A", which gives rise to the following equation 

p 
Finally we come to the momentum constraints which is 



f /I) = 2f'=rfc(i)r/i) - 2fH^fl^ + 6',— + 2Y'r^k,t^J'^. (21) 



Vat% = 0. (22) 

The time component gives at leading order 

Dit"(i) = 9it"(i) + r\fcr^(i) = 0, (23) 

where Dijjk = 0. The space components at leading order can be written as 

a.r/i) + Dkt\^'^ = 0. (24) 



Then plugging the solution to the Petrov type I condition in equation fl2T|) and identifying 

r.w = |, t« = iP, (25) 

we finally have the incompressible condition and the Navier-Stokes equation in spatially 
curved spacetime as 

DkV^ = 0, (26) 

d^Vi + v^DkVi + DiP - {D^Vi + R\vk) = 0. (27) 

Since in this simple case ^Rij = 0, the last term in above equation vanishes. 
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IV. NAVIER-STOKES EQUATIONS IN CURVED SPACETIME WITH NON- 
VANISHING PRij 

In this section we explicitly construct a model with a no n- vanishing Ricci tensor ^Rij. 
We assume that the metric of p + 2 dimensional spacetime has the following form 

(isJ+2 = -fir)df + 2dtdr + eP^'^''^^5ijdx'dxK (28) 

Now the spatial components of the metric is conformally flat, but both / and p are functions 
of radial coordinate r. In particular, we specify the function /(r) has the following form 

/(r) = r(l + air + Osr^ + . . .) (29) 

such that the Rindler horizon is fixed at r = 0. 

The hypersurface is located at r = Tc, then the induced metric 7ab is 

rfs' = -f{r,)dt^ + eP^'^'^^'^S^jdx'dx^ 

= -dx^'^ + e'^Sijdx'dx^ = -^dr'^ + e^Sijdx^dx^ . (30) 

Now it is straightforward to compute the components of the extrinsic curvature, which are 

K = Yy=drf + -p^/fdrP 

K\ = -^drf 

K\ = 

K', = l^/fdrp6^j. (31) 

On the other hand, the intrinsic quantities of the hypersurface can be obtained with the 
following components of connection: 

rr -r^T -r^T "pi -r^i r\ 

TT J- Ti J- ij J- rr '- TJ U 

r,fc = \{6\d,p + 5',dkp-6''^6k,d^p). (32) 

Specifically, the components of Ricci tensor and the Ricci scalar have the following form 



P+^R^^ = P+ii?„ = 

p+^i?,,- = ^a,a,p - U^.d^'^dkdmP + ^(9,p)(a,p) - ^^6,,6^^{dup){d^p) 

'^'R = (1 - P)f'd.d,p + ^-^^-^^^f\d,p){d,p). (33) 



Now we require that the metric in equation (128|) be a solution to the Einstein vacuum 
equations in p + 2 dimensions. After a direct calculation, we find these equations to be 

didrP = 

dr^P+]^{drpf = Q 

dr'f+lp{drf){drp)=0 (34) 



'^'R^J = l^Ali^rf){^rP) + ^{drpf + \fdr'p]. (35) 



and 



Observing the first equation in ( iMll . we notice that its solution is the linear combination 
of arbitrary functions F(x*) and G{r). This immediately leads to the fact that ^^^Rij 
is r- independent which can be seen from its definition in Eq. fl33|) ^. As a matter of fact, 
employing the equations in (134|) we can show that the right hand side of Equation (135|) is 
also r-independent by taking the partial derivative with respect to r. Besides the trivial 
solution corresponding to the fiat spacetime, we can find the general solutions for /(r) and 
p{r, x^) to be 

fir) = \_^ c, + C3 
pir,x') = F(x^) + 21n(r + ci), (36) 

where Ci, C2 and C3 are arbitrary constants, and the function F(x*) is subject to the equation 

^+ii?,, = C3(p-l)e^(^')5,,. (37) 

Obviously, non-trivial solutions to this equation exist, but we need not to know their specific 
forms in our paper. Now requiring the function /(r) has the form as in fl29l) . we can arrive at 
the following solution after an appropriate choice of the constants (here we set Ci = C2 = 1 
and C3 = ^). 

rf ^ (r + 1) "^ — 1 p 2 1/ 2n 3 

f(r) = = r - -H + -(p + p^)H + . . . 

■'^ ' 1-p 2 6 ^^ ^ ^ 

p{r, x') = F{x') + 2 In (r + 1) = F{x') + 2r - r'^ + -r^ + . . . (38) 

o 



^ However ^'^^R is r-dependent, but only through the induced metric 7*- 



Since we are mainly concerned with the behavior of the fluctuations in the near horizon 
limit, we have expanded both functions /(r) and p{r^ x*) in powers of r. As a consequence, 
the induced metric 7jj can also be expanded as 

7., = e^(^')<5,,(l + rf ^ ^) + r^) + r^^^\ (39) 

where 7|- = e^^^'^Sij = ^^^Rij. Moreover, we point out that the "spatially covariant 
derivative" Di compatible with jij is also compatible with 7]," since the connection is r- 
independent, which can be seen by substituting the general form oi p = F(x*) + G{r) into 

Eq.dMD. 

Next we consider the effects of fluctuations of the extrinsic curvature in a similar manner. 
The components of the Brown- York stress tensor on Sc are expanded as 

r. = + Xt\^^'^ + ... 

t = i^dj + ^p'^/fdrp) + At(i) + . . . . (40) 

When substituting these quantities into the Hamiltonian constraint as well as the Petrov type 
I condition and expanding these equations in powers of A, we point out that the following 
quantities should also be expanded since the location of the hypersurface Tc is identified with 
A^: 

drp\r^ = 2 - 2r, + 2r,2 + . . . 

drflr, = 1 - pre + -{p + p'^)rc'^ + . . . 

f%. = r^'" - \prc"' + ^(8P + 5/)r//2 + . . . . (41) 

4 9d 



The "Hamiltonian" constraint is 

{t\f - ^{t\f + f,t=, - - + ^+'R = 0. (42) 

The leading order of the expansion automatically vanishes with 



M-o. («) 



while the non-trivial sub-leading order gives rise to 

r^(i) = _2fi(o)rXi)t-^.{i). (44) 

Next we turn to Petrov type I condition, 

2 ■ 2 • 

t'^^fj + —Y f^kt^ j — 2Af j,r — t\t ' j — -7* t^(fc,j) + 

5^[-(- - 1\) + 2Aa.-] + ^y'=r'"fc,r^ - y^'/?^, = 0. (45) 

p p p X 

Similarly, taking the expansion we find the leading order is automatically satisfied by the 
background quantities with 

- ^5^- + l^'j = 0, (46) 



and the non-trivial sub-leading order is A° : 

p 
Using the momentum constraint on the hypersurface and identifying 



f /^) = 2f '=(°)r,.(^)r/^) - 2Y'=(o)r|i;^.) + 2f '=(°)r"\,r„,(i) + —6',. (47) 



t\^'^ = lv., P=lt^'\ (48) 

we finally obtain the incompressible condition and the Navier-Stokes equation in spatially 
curved background as 

D,v' = div' + V\uv^ = (49) 

drVi + DiP + v^'DuVi - iD'^DkVi + K^,v^) = 0, (50) 

where we have used the fact that DiRj = since Rij oc 7jj. 

V. SUMMARY AND DISCUSSIONS 

As a summary, we have generalized the framework in [l6| by considering an embedding 
which may be intrinsically curved. Directly employing the Brown- York stress tensor as the 
fundamental variables of fiuctuations, we explicitly construct models with spatially curved 
embedding and demonstrate that the incompressible Navier-Stokes equations can be derived 
for a fiuid moving on Sc provided that the fiuctuations are subject to the Petrov type I con- 
dition as well as the "Hamiltonian constraint". The fact that the Petrov type I condition 



10 



can be applied to a class of more general spacetime strongly implies that this boundary con- 
dition would play a more important (and perhaps fundamental) role in linking the Einstein 
equation and Navier-Stokes equation, and this importance might be further disclosed by 
manifestly proving the equivalence of imposing Petrov type I condition with imposing the 
horizon regularity at least in the near horizon limit. 

Through the paper we need assume that the background is fixed without time depen- 
dence such that the dynamics can be described by a Navier-Stokes equation in a sense of a 
non-relativistic limit. In the appendix the discussed models may have a dynamics for the 
background, but constrained by the condition that it has a Minkowski limit. It is an open 
question whether this framework could be generalized to a general background which might 
be dynamical and intrinsically curved. 

In the end of this paper we propose that our current framework is applicable to the 
Schwarzschild black holes 17| and the spacetime in the presence of matter fields with a cos- 



mological constant. The investigation is under progress and will be presented elsewhere [18]. 
We also expect that the higher order expansions of the momentum constraint can be inves- 
tigated in the future. 

Appendix: Two examples with a Minkowski limit 

A. ds'^p+2 = —rdt^ + 2dtdr + e^Sijdx^dx^ 

Now we require that the hypersurface goes back to the flat spacetime as A — )■ 0, then the 
function p can be expanded as 

p = + pWA + p(2)A2 + .... (51) 

We stress that in this case the background need not to be fixed and p can be a general 
function of (r, r, x*). The hypersurface is located at r = re and the components of the 
connection corresponding to the induced metric in (r, x*) coordinate system read as 

T\^ = T\i = T\r = (52) 

r^,- = ^\^e''{drp)6,, (53) 

rv, = I^^Ap (54) 

rV = liS'kdjP + S'^p-S'^^SkjdmP). (55) 

11 



Now it is straightforward to write down the "Hamiltonian constraint" in terms of the Brown- 
York tress tensor and the intrinsic curvature as 

X^ p A 

+^^—^^^^e-'6''idip){djp) + (1 - p)e-P6''d,djp = 0. (56) 

Now consider the fluctuation effects of both the extrinsic curvature and the background, we 
expand the variables in powers of A 

t\ = + Ar/^) + . . . 

t\ = ^pdrP + ^V^cdrP + Xt\^'^ + ... 

t'j = (-^ + ^XdrP + ^V^Ap)S', + Af /'^ + . . . 

t = -^ + -p^drP + ^V^cdrP + At(^) + . . . 

R = + Ai?(^) + . . . , (57) 

where i?'-^^ can be found using Eq. flST]) . At the sub-leading order of the hamiltonian con- 
straint we have 

t\W = -2r,^^k^/^^6''. (58) 

In a parallel way the Petrov type I condition leads to the following form 

t\f^ + ^l'H\e, - 2Xf,,r - tM', - jY't^kJ) + S'A-i- - i^r) + 2Xdr-] + X[-t,drP 
+t\5',drP + ^(r,Y'4p + t"9,p - ^'.^'''^t^dmP)] - [^^X^5',{drpf + X^5',dr^p 

+^l'\d,p){d,p) + i-^y^-a,a,p+ ^5^-7'"^(4p)(a^p) - l^'n'^^d^d^p] = 0. (59) 
The sub-leading term of f'j is 

^iii) ^ 25'H\^^h^/^^ - 2<5^^T|^J^.) + 5'j—. (60) 

Finally, from the momentum constraint 



Vat\ = 0, (61) 



we have the time component as 



drt\ - ^9,t" + ^t\drP - ^t^'dkP - \drP = 0. (62) 

12 



The leading order of the expansion gives 

ait"(^) = 0. (63) 

The space components of the constraint is 

(9.r, - h\drP) + dkt\ + ^-^t\drP + ^t\dkP - \{t - t\)d,p = 0. (64) 

We find the leading order of the expansion is automatically satisfied with a form as 

|9.p« - |a.p« = 0, (65) 

while the sub-leading order leads to 

f(i) 
drt\^^'> + 2e^^^^dkeP - dH\^^'> + di— = 0. (66) 

p 

Identifying 

r.« = |, tw = fp, (67) 



we obtain a Navier-Stokes equation with incompressible condition for a fluid in p-dimensional 
fiat space. 

div' = 0, (68) 

drv^ + v^dkVi - d^v, + diP = 0. (69) 

From above expansion, we notice that the contribution from the fluctuations of the back- 
ground are higher order such that the leading order of the solutions to the Hamiltonian 
constraint and the Petrov I condition are the same as those in flat embedding with a fixed 
background, which of course is not surprising since the spacetime is subject to the condition 
of having a Minkowski limit. However, we would like to point out that the fluctuations of the 
background certainly will provide corrections to the higher order expansions, which should 
be different from the results with a fixed background and we leave this issue for study in 
future. 

B. ds'^p+2 = -rePdt^ + 2drdt + eP5ijdx^dx^ 

The induced metric on the hypersurface r = r^ is conformally flat, even the effects of 
fluctuations are taken into account. Therefore, we may set the trace of the Brown- York 

13 



tensor to be a constant without fluctuations, as suggested in [l6|. The components of the 
connection in p + 1 dimensional spacetime are 

rv, = U^drP^ r,k = \{5\d,p + 5',dup - 5^™4,9™p). (70) 

The "Hamiltonian constraint" has the form 

{t\Y - ^t\r^5'^ + f.t^i - - + e~P{v\^dr^p-p5'^d,d^p) 

+^-^e"''[-\\d^pf + 5^K^^Pmp)] = 0. (71) 

It is easy to check that the leading order are satisfled by the quantities of the background, 
and the sub-leading order vanishes with 

p(i) pW 

—P-—P = 0- (72) 

The subsequent order is A° which gives 

t-^(i) = -2t\^^h^,^^^6''. (73) 

While for Petrov type I condition we introduce the following vector flelds 

rrii = e~2di, V2£ = e~^do — n, V2k = —e~^do — n, (74) 

then the condition is written as 

2C = e~^Coioj + e~2Coij(n) + e~2C'oj-(n) + Ci(n)j(n) = 0. (75) 

In terms of the extrinsic curvature and the components of the induced metric, it can be 
rewritten as 

■I \2. J^ ' '^p p p 

^e-irr(,,,) + [-\^e-P5',dr''p + l-i'''dkdjp+^/,^^'^{dkp){dmP) 



""f^dkpMp) - ^^\^e-P5',{drpf + \5'n'''"dkd^,p\ 



4 
+e-2 A[(-f , + 5'jt\)drP + ^Cif^jS'^'dkP - e'S'jr'dkp + ^e^t"9,p)] = 0. (76) 
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Although in general this equation is rather complicated, its leading expansions in power of A 
become very simple when the metric of the background has a Minkowski limit as described 
in f l5ip . It turns out that the leading order of fj still has the form 

f/'^ = —s'j - 25'*^rg^.) + 2t"(i)r/\ (77) 

The time component of the momentum constraint is 

drt\ - ^d.ire") - ^6'H\d,p + ^t\drp - \tdrp - ^e^t^'OkP = 0. (78) 

Its leading order gives rise to 

a^r^i) = 0. (79) 

While the space components of the constraint is 

drt\ + dkt\ + ^^t\dup + ^^t\d,p - ^d,p = 0. (80) 

Its leading and sub-leading orders of the expansion respectively lead to 

d^p^'^ = 0, (81) 

and 

a,r,(i) + -a,t(i) + 2r'=(i)9fcr,(^) + -a,p(2) _ dH\^'^ = o. (82) 

p 2 



Identifying 



r,(i) = |, p(^) = P (83) 



and taking t^^^ = 0, we arrive at the Navier-Stokes equation with incompressible condition. 

div' = 0, (84) 

drVi + v'^dkVi - d'^Vi + diP = 0. (85) 
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